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We describe the upper and lower Lie nilpotency index of a modular group
algebra FG of some metabelian group G and apply these results to determine the
nilpotency class of the group of units, extending certain results of Shalev without
restriction to finite groups. A characterization of modular group algebras FG with
group of units of class 3 is given, which was obtained by Rao and Sandling for finite
groups G. Q 1999 Academic Press
INTRODUCTION AND NOTATION
Let F be a field of prime characteristic p and G a group with a
w xnontrivial p-Sylow subgroup. By Khripta's result 7, Theorem 1 , which
goes back to more than two decades, it is well known that the group of
 .units U FG is nilpotent if and only if G is nilpotent and its commutator
subgroup G9 is of p-power order. Since then remarkable developments
  ..have been achieved concerning the study of the nilpotency class cl U FG
of the group of units, although there is no complete description known yet.
w x w xWe shall extend certain results of Mann and Shalev 12 , Shalev 18]20 ,
w xand Rao and Sandling 15 .
In the first and the second part we prove two lemmas which may be of
independent interest. By means of these lemmas in the third part we
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compute the Lie nilpotency index of FG for some metabelian group G and
  ..apply these results to determine cl U FG provided G is a p-group and
 . p  .either G9 is abelian and g G : G9 , or p / 3 and cl G s 3.3
  ..In the fourth part we determine cl U FG when G is not necessarily a
p-group and G9 is either cyclic or elementary abelian of order p2. In the
  ..fifth part we describe modular group algebras FG for which cl U FG s 3.
Throughout the paper we assume G to be a nilpotent group with a nontri¨ ial
p-Sylow subgroup and F to be a field of characteristic p such that the group of
units of FG is nilpotent.
 .We shall use the following notations. We denote by Syl G a q-Sylowq
subgroup of a nilpotent group G, which is unique and normal in G for any
 .  .  .prime q. By z G we mean the center of G, by g G and z G the kthk k
term of the lower and upper central series of G, respectively, with
 .  .  4g G s G and z G s 1 .1 0
 .  .For a normal subgroup H : G we denote by I H s I H, FG the
ideal in FG generated by all elements of the form h y 1 with h g H. If H
Ãis a finite subgroup, by H we mean the sum of all elements of H in FG
Ã :and, in particular, with H s a finite cyclic, we put H s a.Ã
We shall use freely the following identities for the Lie commutator
w xx, y s xy y yx,
w x w x w xx , yz s x , y z q y x , z ,
w x w x w x w x w p xxy , z s x y , z q x , z y , in characteristic p x , y , p s x , y ,
 . y1 y1and, if x, y, z are units, for the group commutator x, y s x y xy,
w x y1 y1w xx , y s yx x , y y 1 , x , y s 1 q x y x , y , .  . .
z
x , yz s x , z x , y s x , z x , y x , y , z , .  .  .  .  .  .
y
xy , z s x , z y , z s x , z x , z , y y , z . .  .  .  .  .  .
1. BASIC FACTS
We start from some observations, which we shall use later. Let R be an
associative ring with unity. R can be treated as a Lie ring, called the
w xassociated Lie ring of R, under the Lie multiplication x, y s xy y yx.
Denote by
 .  .1 g R the k th term of the Lie lower central series of R withk
 .g R s R;1
 .  .2 z R the k th term of the Lie upper central series of R withk
 .  4z R s 0 ;0
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 . w k x  .3 R the associative ideal generated by g R ;k
 . k . w x4 R the associative ideal generated by all Lie products x, r with
x g Rky1. and r g R, where R1. s R.
Clearly, Rw k x : Rk . for all k. We need the next results:
LEMMA. Let R be an associati¨ e ring with unity. Then
 .  w x.1 Passi and Sehgal 14
w k .  l . x kql . k .  l . kqly1.R , R : R ; R R : R . 1 .
 .  w x.2 Gupta and Le¨in 5
Rw k xRw l x : Rw kqly2x 2 ; .
g U R : 1 q Rw k x . 3 .  . .k
 .  w x.3 Le¨in and Sehgal 11 For any x, y, z, u, ¨ g R and m G 1
w x w m x w mq2xx , y , y R : R 4 ; .
w x w x w m x w mq2xx , y y , z R : R 5 ; .
w x w x w4xx , y y , u , ¨ g R . 6 .
 .  w x.  .4 Le¨in and Sehgal 11 Let x, y, x , y , z g U R , m G 1, k G 1.i i i
Then
k
w m x w mq2 k xx , y y 1 y , z y 1 R : R 7 ; .  .  . .  . i i i i
is1
k w kq1xx , y y 1 g R . 8 .  . .
LEMMA 1.1. Let R be an associati¨ e ring with unity and m G 1. Then the
following statements hold:
 . w  .xw x w mq2xi x, g R x, y : R for any x, y g R;m
 . w xk w m x w mqk xii x, y R : R for any x, y g R and k ) 1;
 .  . .k w m x w mqk x  .iii x, y y 1 R : R for any x, y g U R and k ) 1;
 .  . w m x w mqp k x  . p kiv a y 1 R : R for any a g U R 9 , if R is of prime
characteristic p and k G 1;
 .  . w m x w mq2x   ..v a y 1 R : R for any a g g U R , if 3 is a unit in R.3
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 .Proof. The property i is immediate from the identities
w x w x w x w xy , x x , z s yx , x , z y y , x , z x and
w x w x w x w x w x w xx , z x , y s x , z , x , y y y , x x , z
 .putting z g g R .m
Note that for m s 1 and any k ) 1, and for any m ) 1 and even k the
 .  .  .statement ii follows from 5 , hence it suffices to prove ii for m ) 1 and
k s 3.
 .Let x, y, u g R and ¨ be an m y 1 -fold Lie commutator. We will show
w x3w x w mq3x w x3 w m x w mq3xx, y u, ¨ g R , which immediately follows x, y R : R .
w x w x w xw x w xw xThe identity xu, ¨ , y s x u, ¨ , y q x, y u, ¨ q x, ¨ u, y q
w xx, ¨ , y u is easy to check. It follows
3 2 2w x w x w x w x w x w xx , y u , ¨ s x , y xu, ¨ , y q x , y x ¨ , u , y
2 2w x w x w x w x w xq x , y x , ¨ y , u q x , y ¨ , x , y u ,
w x2w x w x2 w x w x2w x w mq3x  .and since x, y xu, ¨ , y , x, y x ¨ , u, y , x, y ¨ , x, y u g R by 5 ,
we infer
3 2w x w x w x w x w xx , y u , ¨ ' x , y x , ¨ y , u
2 w mq3xw x w x w x' x , y y , u x , ¨ mod R . 9 .  .
By the Jacobi identity
2w x w x w x w x w x w x w x w xx , y y , u x , ¨ s x , y y , u x , y q x , y , y , u x , ¨ .
w x w x w x w x w xs x , y y , u x , y x , ¨ q x , y
= w x w x w xx , y , y , u q y , y , u , x x , ¨ . .
 . w xw w w xxx w ww x xx. w5x  .  .By i , x, y x, y, y, u q y, y, u , x g R , and hence by 9 and 2
3 2w x w x w x w x w xx , y u , ¨ ' x , y y , u x , ¨
w x w x w x w x w mq3x' x , y y , u x , y x , ¨ mod R . .
 . w xw x w mq1x  . w xw xw xw x w mq3xBy i , x, y x, ¨ g R , and by 5 , x, y y, u x, y x, ¨ g R ,
w x3 w m x w mq3xwhich implies x, y R : R .
 .Thus, for k s 2 l q 1, l ) 1 by 5 we have
 .2 lq1 32 ly1w m x w m xw x w x w xx , y R s x , y x , y R
 .2 ly1 w mq3x w mq3q2 ly1.x w mqk xw x: x , y R : R s R ,
 .and the assertion ii follows.
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 .  .Note that for m s 1 and any k ) 1 the statement of iii is clear by 8 ,
 .  .and for any m G 1 and even k by 7 , hence it suffices to prove iii for
 .m ) 1 and k s 3. Let x, y g U R s U be arbitrary units. Then
3 y1 y1 y1 y1 y1 y1w x w x w xx , y y 1 s x y x , y x y x , y x y x , y . .
y1 y1 y1 y1 y1 y1w x w xs x y x , y , x y q x y x , y x , y .
= y1 y1 y1 y1w xy x , y , x y q x , y x y . .
 .  . w y1 y1 xw xw y1 y1 x  . w xBy 2 and 6 , x, y, x y x, y x, y, x y , by 5 , x, y
w xw y1 y1 x w y1 y1 xw xw x w5xx, y x, y, x y and x, y, x y x, y x, y are in R . Therefore
3 3y1 y1 y1 y1 y1 y1 w5xw xx , y y 1 ' x y x y x , y x y mod R , .  . .
 .  .  . .3 w m x w mq3xand thus, by ii and 2 , x, y y 1 R : R .
Clearly, for k s 2 l q 1, l ) 1 we have
 .k 32 ly1w m x w m xx , y y 1 R s x , y y 1 x , y y 1 R .  .  . .  .  .
 .2 ly1 w mq3x w mqk x: x , y y 1 R : R . .
 .and iii follows.
 .We proceed to show iv . Observe that
< w m x w mqnxt s x g R xR : R for any m G 1 4n
 < 4is an ideal in R. Consequently, T s u g U u y 1 g t is a normaln n
subgroup of U.
Let R be of prime characteristic p. If c is a commutator an element of
 . .  .  p k . w m x form u, ¨ with u, ¨ g U and k G 1 then by iii , c y 1 R s c y
. p k w m x w mqp k x p k k1 R : R and c g T .p
p  . pLet b g U9 such that b s c c ??? c , where the c are commutators1 2 s i
 w x.in U. By Hall and Petresco's collection formula see 6, Lemma VIII.1.1
b ' c pc p ??? c p mod U0 pg U9 . . .1 2 s p
  .  ..  .  . w4x  .Since U0 s g U , g U : g U and g U y 1 : R by 3 , we infer2 2 4 4
 .U0 : T by 2 . Then for any u g U0 we have2
pp w m x w m x w mq2 p x w mqp xu y 1 R s u y 1 R : R : R , .  .
p  .  .and hence U0 : T as T is a subgroup. Clearly, g U9 : g U , and byp p 2 4
induction
g U9 s g U9 , g U : g U , g U : g U . .  .  .  .  .  . .  .k ky1 2 2 ky2 2 2 k
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 .  .  .  .As above, by 2 and 3 , g U9 : g U : T : T . These facts forcep 2 p 2 py2 p
the pth power b to be in T and, since U9 p is generated by pth powers andp
p  .T is a subgroup, U9 to be contained in T . The property iv is clear forp p
k s 1.
Assume k ) 1 and let b s a p k g U9 p k with a g U9. Then, since U9 p :
T ,p
p ky 1 kw m x p w m x w mqp xb y 1 R s a y 1 R : R , .  .
and hence b g T k . Since U9 p k is generated by pk th powers and T k is ap p
p k  .ksubgroup, U9 : T . Thus we established iv .p
 .We will prove v by showing that UrT is a nilpotent group of class at2
most 2. For any x, y g U we have
y1 y1y1 y1 y1 y1w xx , y , y y 1 s x , y y x , y , y s x , y y x y x , y , y .  .  .  .
y1 y1 y1 y1 y1 y1w x w xs x , y y x y x , y , y q x , y y x , y .  .
y1 y1 y1 y1 y1 y1 y1w x w x w xs x , y y x y x , y , y y x x , y x y x , y .  .
y1 y1 y1 y1 y1 y1 y1w x w xs x , y y x y x , y , y q x x , y x , y , x y . 
2y1 y1 y1w xyx x , y x y ./
 . y1w xw y1 y1 x w4xBy 6 , x x, y x, y, x y g R , and hence
y1 y1x , y , y y 1 ' x , y y .  .
=
2y1 y1 y1 y1 y1 w4xw x w xx y x , y , y y x x , y x y mod R , . .
 . . w m x w mq2x  .  .which implies x, y, y y 1 R : R by 4 and 5 . Therefore
 .x, y, y g T for any x, y g U and UrT is a 2-Engel group. Recall Levi's2 2
theorem: the exponent of the third term of the lower central series of a
 .3  4  .2-Engel group divides 3. Hence g UrT s 1 , and hence by iii for any3 2
w m x  .3 .  w mq2x.x, y, z g U and w g R x, y, z y 1 w ' 0 mod R , from which
we obtain
3 20 ' x , y , z y 1 q 3 x , y , z y 1 q 3 x , y , z y 1 w .  .  . .  .  . .
' 3 x , y , z y 1 w mod Rw mq2x . .  . .
 . . w m x w mq2xSince 3 is assumed to be a unit, it follows x, y, z y 1 R : R and
 .we obtain that g U : T .3 2
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2. WEAK COMPLEMENT OF A SUBGROUP OF
A FINITE ABELIAN p-GROUP
Let P be a finite abelian p-group,
 :  :  : < < m iP s a = a = ??? = a , a s p , m G m G ??? G m .1 2 s i 1 2 s
10 .
 4 k1 k 2We call a a basis of P. Any g g P can be written uniquely as g s a ai 1 2
k s m i  .  .??? a with 0 F k - p . We will denote k by g i , or by g a if theres i i i
are more bases of P considered.
 .LEMMA 2.1. Let P be a finite abelian p-group presented as in 10 , and let
< p p < rH be a proper subgroup of P with HP rP s p , r ) 0. Then the following
statements hold:
 .i the function
p < 4n : H _ P ª 1, 2, . . . , s , h ¬ n h s min j gcd h j , p s 1 4 .  . .
takes r distinct ¨alues ¨ - ¨ - ??? - ¨ ;1 2 r
 .  .  .ii there exist b , b , . . . , b g H such that n b s ¨ , b ¨ s 0 for1 2 r i i i j
 .  4  4j - i, b ¨ s 1, and if 1, 2, . . . , s s u , u , . . . , u , ¨ , ¨ , . . . , ¨ , u -i i 1 2 syr 1 2 r 1
u - ??? - u , and2 syr
 :  :  :A s a = a = ??? = a ,u u u1 2 sy r
 4called the weak complement of H in P relati¨ e to the basis a , theni
 :  :  :PrA s b A = b A = ??? = b A ;1 2 r
 .iii weak complements of H in P, relati¨ e to any basis, are all
isomorphic to each other;
 . p k p kq 1 p kq 1 p k p k p kq 1iv H l A : A , and A B s H P , where k G 0 and
 :B s b , b , . . . , b ;1 2 r
v A p
k
H p
krA p kq 1H p k .
 p k p kq 1 p k:  p k p kq 1 p k:  p k p kq 1 p k:s a A H = a A H = ??? = a A H ,u u u1 2 lk .
where k G 0, m ) k, and m F k;u ulk . lk .q 1
vi A p
kq 1
H p
krP p kq 1 .
 p k p kq 1:  p k p kq 1:  p k p kq 1:s b P = b P = ??? = b P ,1 2 nk .
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where k G 0, m ) k, and m F k;¨ ¨nk . nk .q 1
vii A p
k
H p
ky 1rA p kq 1H p k .
 p k p kq 1 p k:  p k p kq 1 p k:  p k p kq 1 p k:s a A H = a A H = ??? = a A Hu u u1 2 lk .
 p ky 1 p kq 1 p k:  p ky 1 p kq 1 p k:= b A H = b A H1 2
 p ky 1 p kq 1 p k:= ??? = b A H ,nk .
where k G 1, m ) k, m F k, m ) k y 1, and m F k y 1.u u ¨ ¨lk . lk .q 1 nk . nk .q 1
 <   . . 4Proof. Put ¨ s min j there exists h g H: gcd h j , p s 1 and let1
 .  .  :b g H such that b ¨ s 1. Obviously, n b s ¨ . Then P s b P ,1 1 1 1 1 1 1
 <  . 4 yx ¨1.where P s g g P g ¨ s 0 , since x s xb g P for any x g P.1 1 1 1 1
 : pAssume r ) 1. There exists h g H such that h f b P . We can write1
 :  : ph s bh , where b g b and h g H l P . Clearly, h f b P and1 1 1 1 1 1
  . .gcd h j , p s 1 for some j ) ¨ . Put1 1
<¨ s min j there exists h g H l P : gcd h j , p s 1 4 . .2 1
 .  .and let b g H l P be such that b ¨ s 1. Obviously, n b s ¨ ) ¨ .2 1 2 2 2 2 1
 :  <  .  . 4Then P s b , b P , where P s g g P g ¨ s g ¨ s 0 , since x s1 2 2 2 1 2 2
xbyx ¨ 2 . g P for any x g P . If r ) 2 then we can repeat this process.2 2 1
Suppose that r ) k and we have chosen b , b , . . . , b g H such that1 2 k
n b s ¨ , b ¨ s 0 for j - i , b ¨ s 1 11 .  .  .  .i i i j i i
 :for i s 1, 2, . . . , k. Then P s b , b , . . . , b P , where1 2 k k
<P s g g P g ¨ s g ¨ s ??? s g ¨ s 0 . 4 .  .  .k 1 2 k
 : pSince r ) k, there exists h g H such that h f b , b , . . . , b P . We can1 2 k
 :write h s bh , where b g b , b , . . . , b and h g H l P . Clearly, hk 1 2 k k k k
 : p   . .f b , b , . . . , b P and gcd h j , p s 1 for some j ) ¨ . Put1 2 k k k
<¨ s min j there exists h g H l P : gcd h j , p s 1 4 . .kq1 k
 .  .and let b g H l P such that b ¨ s 1. Obviously, n b skq1 k kq1 kq1 kq1
¨ ) ¨ .kq1 k
Thus we can repeat this process until r s k to choose b , b , . . . , b g H1 2 r
 .  4 satisfying the properties in 11 . Let 1, 2, . . . , s s u , u , . . . ,1 2
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4u , ¨ , ¨ , . . . , ¨ with u - u - ??? - u andsy r 1 2 r 1 2 syr
 :  :  :A s a = a = ??? = a ,u u u1 2 sy r
 4the weak complement of H relative to the basis a . Clearly,i
 :  p m¨ i: p m¨ iq1A : P , P s A , b l P s b : Ai r i i i
 :  :  .and b A l P : A, therefore P rA s b A = P rA i s 1, 2, . . . , r ,i i iy1 i i
where we mean P s P. We conclude0
 :  :  :PrA s b A = b A = ??? = b A .1 2 r
If h g H _ P p then we can write h s bk1 bk 2 ??? bk r c, where 0 F k - p1 2 r i
p  .  .not all zero, and c g P , from which n h s n b s ¨ follows, wherej j0 0
 < 4  .  4j s min j k / 0 . We can infer Im n s ¨ , ¨ , . . . , ¨ . Thus the asser-0 j 1 2 r
 .  .tions i and ii are clear.
 X X X 4Let a , a , . . . , a be another basis for P satisfying the properties in1 2 s
 .10 . The new basis can be obtained from the old one by the effect of an
p  .  <   X . .automorphism of P. For h g H _ P put n 9 h s min k gcd h a , p sk
4  X 41 , and denote by A the weak complement of H relative to the basis a .1 i
w xBy Birkhoff's result 2 any automorphism of P can be effected by a
finite succession of the automorphisms fixing each of the basis elements
.but one
a : a ¬ aX s ay1a , x aX ' x a q x a mod pm j i - j ; .  .  .  .  .i , j i i j i j i j
m ymi jX ypa : a ¬ a s a a ,i , j j j i j
x aX ' x a q pm iym j x a mod pm i i - j ; .  .  .  .  .i i j
b : a ¬ aX s as1 , x aX ' s x a mod pm i gcd s , p s 1 , .  .  .  . .i , s i i i i i
 m i.where x g P and ss ' 1 mod p .1
Hence any basis can be obtained from the original one after finite steps
such that in any of the steps we substitute only one basis element for a
new one in a way described above.
<  . < <  . <Observe Im n 9 s Im n s r. We shall investigate the values of the
function n 9 on the elements b constructed above.l
Consider the effect of a on the presentation of b . Evidently, if ¨ - ji, j l l
 .  X .  .  .  m j.then n 9 b s ¨ . If i - j - ¨ then b a ' b a q b a mod p isl l l l j l i l j
 X .  .  .  .divisible by p; if i - j s ¨ then b a ' b a q b a ' b a q 1l l j l i l j l i
 m j.  .mod p is a relative prime to p; hence n 9 b s ¨ also in these cases.l l
Consider the effect of a on the presentation of b in case m ) m . Ifi , j l i j
 .  X .  .i ) ¨ then, clearly, n 9 b s ¨ . If i - ¨ then b a ' b a ql l l l l i l i
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m iym j  .  m i.  X .  .p b a mod p is divisible by p; if i s ¨ then b a ' b a ql j l l i l i
m iym j  . m iym j  .  m i.p b a ' 1 q p b a mod p is a relative prime to p. Hencel j l j
 .  .n 9 b s ¨ in each of these cases. It is obvious that n 9 b s ¨ afterl l l l
performing b for any i and s .i, s
 .Thus, after performing any automorphism of these three types, Im n 9
 .s Im n , which immediately implies A ( A.1
Now consider the effect of the automorphism a in case m s m .i , j i j
 .Assume Im n s V j V j V , where1 2 3
 4  4V : 1, 2, . . . , i y 1 , V : i , i q 1, . . . , j ,1 2
 4V : j q 1, j q 2, . . . , s .3
p  X .  .  .  m i.  .Let h g H _ P and recall h a ' h a q h a mod p . If n h is ini i j
 .  .V or V then, clearly, n 9 h s n h .1 3
 .  .  .  .Suppose n h g V . If n h s i - j then p ¦ h a , and either n 9 h s2 i
 . <  .  X .  .n h provided p h a , since p ¦ h a in this case, or n 9 h s ¨ withj i
 .  .  X .i F ¨ F j provided p ¦ h a , since p ¦ h a s h a implies ¨ F j andj j j
 .  . <  .  .n h s i implies ¨ G i. If i - n h - j then p h a , and either n 9 h si
 . <  . <  X .  .n h provided p h a , since p h a in this case, or n 9 h s i providedj i
 .  . <  .  .  X .p ¦ h a . If i - n h s j then p h a and p ¦ h a , hence p ¦ h a andj i j i
 .  .  .n 9 h s i. Consequently, n h g V implies i F n 9 h F j.2
We conclude that after performing the automorphism a with m s mi , j i j
 . X < X < < < X we have Im n 9 s V j V j V , where V s V and V : i, i q1 2 3 2 2 2
41, . . . , j . Since m s m s ??? s m , we obtain A ( A .i iq1 j 1
Thus weak complements of H, relative to any basis, are all isomorphic
 .to each other, and iii is verified completely.
Pick x g H p k l A such that x f A p kq 1. Then there exists h g H with
x s h p k, and hence
x u ' pkh u mod pm ui i s 1, 2, . . . , s y r . .  .  .  .i i
kq1  .Let q be the smallest index such that p ¦ x u , and henceq
  . .  .gcd h u , p s 1. By definition n h s ¨ F u andq j q
x ¨ ' pkh ¨ mod pm¨ j . .  .  .j j
 . m¨ j < kSince x g A, we have x ¨ s 0 and p p . By the choice of basisj
 .m G m , which follows x u s 0, a contradiction proving the first¨ u qj q
 .statement of iv .
 : p kq 1 p k p k p kq 1Put B s b , b , . . . , b . The inclusion A B : H P is obvi-1 2 r
ous. To prove the reverse inclusion pick x s h p kx p kq 1 g H p kP p kq 1 with1
 .  . ph g H and x g P. Then by ii , h ' a mod B , where a g A l H : A1
 . p k p kq 1 p kby the first assertion of iv , and hence h g A B . From P s AB we
p kq 1 p kq 1 p k  .infer P : A B . The second statement of iv has been verified.
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 . p k p kq 1 p k p kq 1Let m ) k and m F k. By iv , A l A H s A , andu ulk . lk .q 1
since
p k  p k:  p k:  p k :A s a = a = ??? = a ,u u u1 2 lk .
we obtain
A p
k
H p
krA p kq 1H p k
 p k p kq 1 p k:  p k p kq 1 p k:  p k p kq 1 p k:s a A H = a A H = ??? = a A H ,u u u1 2 lk .
 .and v is clear.
 . p k p kq 1 p k p kq 1Let m ) k and m F k. By iv , B A s H A and¨ ¨nk . nk .q 1
p kq 1  p kq 1 p kq 1 p kq 1 p kq 1:P s b , b , . . . , b , A .1 2 nk .
Hence
p kq 1 p k p
kq 1
p k p kq 1 p kq 1  p k p kq 1 p k p kq 1 p k p kq 1:A H rP s B P rP s b P , b P , . . . , b P .1 2 nk .
 p k p kq 1:  p k p
kq 1
: p kq 1Clearly, b P l  b P s P , as in the opposite casei j) i j
 :  y1 . p k p kq 1  .for some b g b , b , . . . , b we have b b g P and by iiiq1 iq2 nk . i
 .this is impossible. The property vi follows.
ky 1k kq1 k kq1 klk . p p p nk . p p p :  :  .Let C s  a A H and D s  b A H . By v , Cis1 u is1 ii
p k p kq 1 p k  .is indeed a direct product and equals P rA H . Similarly as in vi we
can show that D is also a direct product, hence it remains to prove that D
ky 1 ky1i p i p1 2is a complement to C. If C l D / 1 then there exists x s b b1 2
??? bink . p
ky 1
g P p k, where the i , 0 F i F p y 1, are not all zero. But, withnk . j j
k  .  .j the smallest index for which i / 0, it follows p ¦ x ¨ as b ¨ s 00 j j j j0 0 0
kpfor j ) j , contradicting x g P . Therefore C l D s 1. Furthermore,0
ky1 ky1 kp p p  .H : B A by iv , from which it is easy to see CD s
k ky1 kq1 kp p p pA H rA H .
We called the subgroup A, described in the previous lemma, a weak
complement of H in P, relative to some basis. There may be more weak
complements of H in P, relative to different bases, but they are all direct
factors of P and isomorphic to each other.
3. LIE NILPOTENCY INDICES AND THE NILPOTENCY
CLASS FOR SOME METABELIAN p-GROUPS
 .  < w i x  44For an associative ring R with unity the values t R s min i R s 0L
L .  <  i.  44  .and t R s min i R s 0 which may be infinity are called the lower
 . L .and upper Lie nilpotency indices, respectively, and if t R or t R isL
LIE PROPERTIES OF THE GROUP ALGEBRA 39
finite, then R is called Lie nilpotent and strongly Lie nilpotent, respec-
w xtively. By Passi, Passman, and Sehgal's theorem 17, Theorem V.5.3 for a
modular group algebra these two conditions coincide and are satisfied if
and only if the group of units is nilpotent.
  ..  . L .By the above-mentioned results cl U FG q 1 F t FG F t FG . WeL
 .  . L . L .shall put t FG s t G and t FG s t G .L L
 .  k ..We call D s D G s G l 1 q FG the k th Lie dimensionk . k ., F
 wsubgroup of G over F. By Parmenter, Passi, and Sehgal's theorem see 17,
x.Theorem II.3.1 the Lie dimension subgroups depend only on the charac-
w x  4teristic p of F, and by Passi and Sehgal's theorem 14 , D is ak . k G1
 .central series of G with D , D : D , and, furthermore, for k Gk .  l . kql .
1 D p : D andkq1. k pq1.
p jD s g G . 12 .  .kq1. i
j .iy1 p Gk
 4The series D induces a weight function w on D s G9 defined bykq1. k G1 2
 .  .w x s k if x g D _ D . The factor D rD k G 1 is ankq1. kq2. kq1. kq2.
elementary abelian p-group. Choose some direct decomposition with
 :  4x D as direct factors. The system x of all the representatives ini kq2. i
 .the decomposition of all the nontrivial factors is called a canonical basis
 .of G9. Denote by F n G 1 the F-linear subspace of FG9 generated by alln
s  . s  .  4products  g y 1 with g g G9 and  w g G n. We call Fis1 i i is1 i n nG1
w x nq1.the canonical filtration of FG9. By 13, IV.2.7 , FG s F FG for alln
n G 1. This readily follows
t L G s 2 q p y 1 w x s 2 q p y 1 kd , 13 .  .  .  .  . i kq1.
i kG1
 4 dk < < where x is a canonical basis, and for k G 2, p s D : D . Fori k . kq1.
w x .more details, see 13 .
w x  . L .If p ) 3 then by Bhandari and Passi's theorem 1 , t FG s t FG .L
 .Let R be a radical ring. Then R, ( is a group, called the adjoint group
w xof R, where x( y s x q y q xy. The following result 4 verifies a conjec-
ture of Jenning's:
 .  .  .DU'S THEOREM. z R, ( s z R i G 0 .i i
 .  .This immediately implies cl R, ( q 1 s t R . Recall that G is as-L
sumed to be nilpotent with G9 a finite p-group. Clearly, if G is a p-group
 .  .  .  .then U FG s U F = V FG , where V FG is the group of units with
augmentation 1, which in this case contains all elements with augmenta-
tion 1 and is isomorphic to the adjoint group of a radical ring, namely the
 .   ..  .augmentation ideal A FG . Hence cl U FG q 1 equals t FG , the valueL
of which is determined by Bhandari and Passi's theorem in case p ) 3.
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 .   ..  .Put I s FG, I s I FG s I g G k G 2 . By Sandling's formulas1 k k k
w x16, Theorem 3.9, Corollary 3.10
FGk . s I q I s I q FGn j. k G 2 , .  k n kj
j j
where the summation is over all products for which k ) n ) 1 andj
 .  n y 1 s k y 1. These formulas were originally stated for integralj
group rings, but, as an immediate corollary, hold true for group rings over
w x .  .commutative rings with unity, as noted in 14 . By means of 1 it is easy to
see
FGk . s I q FG i.FG j. k G 2 . 14 .  .k
iqjskq1
i)1 j)1
 . k .Indeed, denote by J the right hand side of 14 . Clearly, J : FG . Letk k
s  .1 - n - k be such that  n y 1 s k y 1, and let i s n , j s 1 ql ls1 l 1
s  .  . n y 1 . Then i ) 1, j ) 1, i q j s k q 1, and by 1ls2 l
s
n .  i.  j.lFG : FG FG : J , k
ls1
therefore FGk . : J .k
 .If H is a finite normal p-subgroup of G, then we shall denote by t H
 .the nilpotency index of the associative ideal I H of FG.
wThe next theorem was proved by Shalev 20, Proposition 3.2, Theorem
x3.7 for p G 5.
THEOREM 3.1. Let F a field of prime characteristic p, G a nilpotent group
 . psuch that its commutator subgroup G9 is of p-power order and g G : G9 .3
 .Put I s I G9 . Then
 . k . ky1  . L .  .i FG s I k G 2 and t G s t G9 q 1;
 . n  . L . nii if G9 is cyclic of order p then t G s t G s p q 1.L
 . ky1 k .  .Proof. By 1 , I : FG for any integer k G 2. To show i consider
the reverse inclusion, which we shall prove by using the recursive formula
 . k .14 for FG .
2.  . p pClearly, FG s I s I, and since g G : G9 , we conclude I : I :2 3 3
I 2 and FG3. s I q I 2 : I 2.3 2
w ky1 x k  .The property I , FG : I is easy to verify. Indeed, by 1
w x w 2. 1. x 3. 2I , FG s FG , FG : FG : I ,
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and by induction
w k x ky1w x w ky1 x ky1 2 k kq1I , FG : I I , FG q I , FG I : I I q I I : I .
We have already observed FG2. s I and FG3. : I 2. By induction if
i q j s k q 2, i ) 1, j ) 1 then
FG i.FG j. : I iy1I jy1 : I k .
k  .Hence there remained to show I : I . Since by induction if a g g Gkq1 k
ky1  . y1 y1w x kthen a y 1 g I , we see that a, g y 1 s a g a y 1, g g I for
 .any g g G. Moreover, since g G is generated by commutators of thekq1
 .  .  .  .form a, g with a g g G , applying the identity xy y 1 s x y 1 y yk
.  .  . k  .1 q x y 1 q y y 1 it is easy to see I : I . The assertion i iskq1
clear.
 .  .:  .To show ii choose g, h g G such that G9 s g, h . Then by 8
p ny1 nw p x0 / g , h y 1 g FG , . .
n L n .  .  .which, together with i , implies p q 1 F t G F t G s p q 1.L
wParts of the next theorem were proved by Shalev in 20, Corollary 3.3,
xTheorem 4.3 for p G 5.
THEOREM 3.2. Let F be a field of prime characteristic p and G a nilpotent
group such that the commutator subgroup G9 is a finite abelian p-group with
 m1 m2 m s.in¨ariants p , p , . . . , p . Then the following statements hold:
 .  .  . s  m i .i t G G t G9 q 1 s 2 q  p y 1 ;L is1
 .  . L .  .  . pii t G s t G s t G9 q 1 if g G : G9 ;L 3
 .   ..  .  . piii cl U FG s t G9 if G is a p-group and g G : G9 .3
 . s  m i .Proof. The expression t G9 s 1 q  p y 1 is well known. Tois1
 .  :  :  : < < m iprove i assume G9 s a = a = ??? = a such that a s p , and1 2 s i$ $m ip y1 .the m are in ascending order. Obviously, a s a y 1 and G9si i i$m is p y1 w tG9.x .  . a y 1 . We will show G9g FG , which forces t G Gis1 i L
 .t G9 q 1. $ $m y1ip p p y1 p . < < < <Clearly, a s a y 1 if a ) p, and a s 1 if a s p. Leti i i i i
s s$ $
p p m ix s G9 s a and n s p y p . . i i
is1 is1
w m x w mqn1 x  .Then xFG : FG by iv of Lemma 1.1.
 . p p r  . p pSuppose that g G G9 rG9 is of order p , g G G9 rG9 s3 3
r  p:  .  . p b G9 , where 0 F r - s, b g g G . If g G : G9 then putis1 i i 3 3
r  . py1  .y s 1 and n s 0, otherwise let y s  b y 1 and n s r p y 1 .2 is1 i 2
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 .The elements of Supp y form a complete system of coset representatives
p p Ã w3x .  .for G9 in L s g G G9 , therefore xy s L. By 3 , b y 1 g FG and by3 i
 . w m x w mqn2 x2 , yFG : FG .
Clearly, G9rL is elementary abelian of order psy r. Since the commuta-
 .tors g, h with g, h g G generate G9, we may always choose a basis
c L, c L, . . . , c L for G9rL such that the c are commutators.1 2 syr i
sy r  . py1  . .  .Let p ) 2, z s  c y 1 , n s s y r p y 1 . Then by iii ofis1 i 3 $
w m x w mqn x w1qn qn qn x3 1 2 3Lemma 1.1, zFG : FG . Clearly, 0 / xyz s G9g FG ,
and
s
m i1 q n q n q n s 1 q p y p q r p y 1 q s y r p y 1 .  .  .  .1 2 3
is1
s
m is 1 q p y 1 s t G9 . .  .
is1
Assume p s 2. If s y r s 1 then a q 1 g FGw2x for any a g G9 _ L$
w2qn qn x1 2 .and, similarly as above, xy a q 1 s G9g FG and 2 q n q n s1 2
 .t G9 . Assume s y r ) 1. We show that the commutators c can be choseni
 .  .such that c s g, h , c s g 9, h9 and either g s g 9, or g s h9, or2 jq1 2 jq2
 .h s g 9, or h s h9, for j s 0, 1, . . . , s y r r2 y 1 if s y r is even and for
 .j s 0, 1, . . . , s y r y 1 r2 y 1 if s y r is odd.
Suppose that we have chosen c , c , . . . , c and 2k - s y r y 1, and put1 2 2 k
 :C s c , c , . . . , c , L . Then, since the commutators generate G9 and1 2 2 k
 .2k - s y r y 1, there exist g , h , g , h g G such that g , h f C and1 1 2 2 1 1
 .   .:  .g , h f C, g , h . If from among the commutators g , h ,2 2 1 1 1 1
 .  .  .g , h , g , h , g , h we cannot choose c and c , then2 2 1 2 2 1 2 kq1 2 kq2
 :  :g , h , g , h g C , g , h l C , g , h s C , .  .  .  .1 2 2 1 1 1 2 2
 .  .   .:and g g , h f C and g g , h f C, g g , h . Therefore we can1 2 1 1 2 2 1 2 1
 .  .choose g g , h to be c and g g , h to be c .1 2 1 2 kq1 1 2 2 2 kq2
 :Let G9 s c , c , . . . , c , L if s y r is even, and G9 s1 2 syr
 :c , c , . . . , c , c , L for a suitable commutator c if 2k s s y r1 2 syry1 syr syr
2 k  .  . w m x w mq2 k xy 1. Put z s  c y 1 and by 7 , z FG : FG . If s y r is1 is1 i 1
w1qsyr x  .even then z s z g FG , and if s y r is odd then z s z c y 1 g1 1 syr$
w1qsyr x w1qn qrqsyr x1FG . Thus G9s xyz g FG , and 1 q n q r q s y r s 1 q1
 .n q s s t G9 .1
In both cases p ) 2 and p s 2 we produced a nonzero element in
w tG9.x  .  .  .FG , which implies t G G t G9 q 1. The proof of i is complete.L
 .Combining the assertions i of Theorem 3.1 and our theorem, if
 . p  .  . L .  .  .g G : G9 then t G9 q 1 F t G F t G s t G9 q 1, and ii is3 L
 . pclear. Finally, if G is a p-group and g G : G9 , then, by Du's theorem3
 .  .  .  .and ii , U FG is nilpotent of class t G y 1 s t G9 .L
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 .To be able to use v of Lemma 1.1 we have to assume p / 3 in the next
theorem. It is very likely, however, that the theorem is also valid for p s 3.
THEOREM 3.3. Let F be a field of prime characteristic p / 3 and G a
group nilpotent of class greater than 2 such that the commutator subgroup G9
is a finite abelian p-group
 :  :  : < < m iG9 s a = a = ??? = a , a s p , m G m G ??? G m ,1 2 s i 1 2 s
<  . p p < rand g G G9 rG9 s p , 0 - r - s.3
 :  :  :Furthermore, let A s a = a = ??? = a , u - u - ??? -u u u 1 21 2 sy r
 .  4u be the weak complement of g G in G9 relati¨ e to the basis a , and letsy r 3 i
 4  41, 2, . . . , s s u , u , . . . , u , ¨ , ¨ , . . . , ¨ , ¨ - ¨ - ??? - ¨ . Then1 2 syr 1 2 r 1 2 r
 .  .  .  . s  m i . r  m¨ ji t G G t G9 q t G9rA s 2 q  p y 1 q  pL is1 js1
.y 1 ;
 .  . L .  .  .ii t G s t G s t G9 q t G9rA if G is of class 3;L
 .   ..  .  .iii cl U FG s t G9 q t G9rA y 1 if G is a p-group of class 3.
 .Proof. Apply Lemma 2.1 with P s G9, H s g G , and let3
 . r  . p m¨ iy1b , b , . . . , b g g G be as in the lemma. Let x s  b y 11 2 r 3 is1 i$ $
p syr p  .and y s A s  a . Note that y s 1 in case A is of exponent p. By vis1 uiw m x w mqn1 x r  m¨ i .of Lemma 1.1, xFG : FG , where n s 2  p y 1 . More-1 is1$ m uip p p y1 w m x w mqn x2 .  .over, a s a y 1 and by iv of Lemma 1.1, yFG : FG ,u ui i
sy r  m ui .where n s  p y p . Note that n s 0 in case A is of exponent p.2 is1 2
 . p  .  . pSince G9 s AB and g G : G9 B by iv of Lemma 2.1, L s g G G93 3
p  : ps A B, where B s b , b , . . . , b . Moreover, since LrA is the direct1 2 r
 p: m¨ l  .product of the cyclic subgroups b A of order p by ii of Lemma 2.1,l
Ãwe see xy s L.
Since the commutators generate G9 and G9rL s ABrA pB ( ArA p,
 4there exists a basis c L, c L, . . . , c L for G9rL, where the c are1 2 syr i
commutators. $
sy r py1 .  .Let p ) 3 and z s  c y 1 . Then 0 / G9s xyz, and by iii ofis1 i
w m x w mqn3 x  . .Lemma 1.1, zFG : FG , where n s s y r p y 1 . Conse-3
quently, xyz g FGw1qn1qn 2qn 3 x, where
syr r
m mu ¨i i1 q n q n q n s 1 q p y 1 q 2 p y 1 .  . 1 2 3
is1 is1
s t G9 q t G9rA y 1, .  .
 .  .  .and t G G t G9 q t G9rA follows provided p ) 3.L $
 .Let p s 2. If s y r s 1 then, for some a g G9 _ L, G9s xy a q 1 g
w2qn1qn 2 x  .  .FG and, as above, 2 q n q n s t G9 q t G9rA y 1. Suppose1 2
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s y r ) 1. Similarly as in the previous theorem, we can show that the ci
 .  .can be chosen such that c s g, h , c s g 9, h9 , and either g s g 9,2 jq1 2 q2j
 .or g s h9, or h s g 9, or h s h9, for j s 0, 1, . . . , s y r r2 y 1 if s y r is
 .even and for j s 0, 1, . . . , s y r y 1 r2 y 1 if s y r is odd.
Let 2k equal s y r if s y r is even and s y r y 1 if s y r is odd, and
sy r  :  .G9rL s  c L for a suitable element c if s y r is odd . Putis1 i syr
2 k  .  . w m x w mq2 k xz s  c q 1 . By 7 we have z FG : FG . If s y r is even1 is1 i 1
w1qsyr x  .then z s z g FG , and if s y r is odd then z s z c y 1 g1 1 syr$
w1qsyr x w1qn qn qsyr x1 2FG . As above, xyz s G9, xyz g FG , and
syr r
m mu ¨i i1 q n q n q s y r s 1 q 2 y 1 q 2 2 y 1 .  . 1 2
is1 is1
s t G9 q t G9rA y 1, .  .
 .  .  .and t G G t G9 q t G9rA follows also in the case p s 2. The proof ofL
 .i is complete.
 . L .  .Let G be nilpotent of class 3. Since t G F t G , to prove ii itL
L .  .  .suffices to establish t G s t G9 q t G9rA . We determine a canonical
basis of G9 and the weights of the basis elements.
 .For groups nilpotent of class 3, Passi and Sehgal's formula 12 gives
i p jpD s G9 g G n G 1 , .  .nq1. 3
where i is the smallest nonnegative integer such that pi G n, and j is the
smallest nonnegative integer such that 2 p j G n. Clearly, j equals either i
or i y 1. Indeed, if p s 2 then, evidently, j s i y 1; if p ) 2 then j s i
provided piy1 - 2 piy1 - n F pi, and j s i y 1 provided piy1 - n F
iy1 i  .2 p - p . Since G9 s Ag G , we have3
i p i i i p i iq1 p i iq1 p ip p p p pG9 g G s G9 s A g G , G9 g G s A g G . .  .  .  .3 3 3 3
p  .  .Clearly, D s G9 and D s G9 g G . Then D rD s Ag G r2. 3. 3 2. 3. 3
p  .  4  .A g G has a basis a , a , . . . , a by v of Lemma 2.1, and any of3 u u u1 2 sy r
these basis elements has weight 1.
Let p s 2. Then it is easy to see D k s D k s ??? s D kq 1 s p q2.  p q3.  p q1.
p kq 1  . p k p k  . p ky 1 p kq 1  . p kk kA g G and D rD s A g G rA g G for k G3  p q1.  p q2. 3 3
 .1. Obviously, the other factors are trivial except D rD . By vii of2. 3.
Lemma 2.1
a p
k
, a p
k
, . . . , a p
k
, b p
ky 1
, b p
ky 1
, . . . , b p
ky 1 5u u u 1 2 nk .1 2 lk .
is a basis for D k rD k , where m ) k, m F k, m ) k y 1, p q1.  p q2. u u ¨lk . lk .q 1 nk .
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and m F k y 1, and the basis elements a p k have weight pk, and the¨ unk .q 1 ip ky 1 ky1  .b have weight 2 p recall p s 2 . Thereforej
p ju i p j¨ l <a , b 1F iF s y r , 0 F j F m y 1, 1 F lF r , 0F j F m y 1 5u l u u ¨ ¨i i i l l
15 .
is a canonical basis for p s 2.
Now let p ) 3. Then it is easy to see
kq 1 p kp
k k kD s D s ??? s D s A g G . p q2.  p q3. 2 p q1. 3
and
kq 1 p kq 1p
k k kq1D s D s ??? s D s A g G , .2 p q2. 2 p q3.  p . 3
p k  . p kk khence the only nontrivial factors are D rD s A g G r p q1.  p q2. 3
p kq 1  . p k p kq 1  . p k p kq 1  . p kq 1k kA g G and D rD s A g G rA g G with3 2 p q1. 2 p q2. 3 3
 .  .k G 0. By v and vi of Lemma 2.1 we can determine the bases and the
weights of the basis elements for both factors in the obvious way to obtain
 .the same canonical basis 15 for G9 as in the case p s 2 with the same
weights.
 . L .  .  .  4By 13 , t G s 2 q p y 1  w x , where x is a canonical basis,i i i
and we conclude
m y1 m y1u ¨syr ri i
L j jt G s 2 q p y 1 p q 2 p y 1 p .  .  .   
is1 js0 is1 js0
syr m r mu ¨i ip y 1 p y 1
s 2 q p y 1 q 2 p y 1 .  . p y 1 p y 1is1 is1
syr r
m mu ¨i is 2 q p y 1 q 2 p y 1 s t G9 q t G9rA , .  .  .  . 
is1 is1
 .  .as required. Thus we have shown ii , which, by Du's theorem, implies iii .
4. THE NILPOTENCY CLASS FOR SOME METABELIAN
GROUPS
Few facts are known of the nilpotency class of the group of units when
G is not a p-group. We shall use frequently the next
 w x.  .   ..LEMMA Khripta 7, Theorem 2 . cl G s cl U FG if and only if either
 .  .i p s 3, G9 s Syl G is of order 3;p
 .  .  .ii p s 2, cl G s 2, G9 s Syl G is elementary abelian of order 4;p
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 .  .  .iii p s 2, cl G s 3, G9 s Syl G is of order 4;p
 .iv p s 2, G9 is of order 2.
 .Also, in what follows we shall use freely 1 and the obvious fact that
  .. k .g U FG : 1 q FG , and we shall need the following result from thek
w xsecond author 10 .
w x  .LEMMA 10, Lemma 2 . Let x , x , . . . , x g U FG , G s1 2 n 1
 n  .:D Supp x . Let Q be the direct product of the p9-Sylow subgroups ofis1 i
G , and let e , e , . . . , e be a system of primiti¨ e pairwise orthogonal idempo-1 1 2 r
tents with sum 1 of the semisimple algebra FQ. Then Q is central in G, and
 .   . .there exist g g G , l g U FQ , and w g I s I Syl G , FG such thati j 1 i j i p 1 1
x s r l g e q w .i js1 i j i j j i
 .   ..LEMMA 4.1. If Syl G s G9 is of order greater than 2 then cl U FGp
L .F t G y 2.
 .  L . .  .Proof. Let ¨ g U FG i s 1, . . . , t G y 1 , ¨ , ¨ / 1, andi 1 2
L .t G y1
G s Supp ¨ . .D1 i ;
is1
w xThen we may apply Lemma 2 in 10 , cited above, and write
r
¨ s l g e q w ,i i j i j j i
js1
where the l are units of FQ with Q the direct product of the p9-Sylowi j
subgroups of G , g g G , w g FG2., the e are primitive central orthog-1 i j 1 i i
onal idempotents of FQ, e q e q ??? qe s 1. Note ¨y1 ' r ly1 gy1e1 2 r i js1 i j i j j
 2..  . r  .mod FG . It is easy to see ¨ , ¨ , . . . , ¨ '  g , g , . . . , g e1 2 k js1 1 j 2 j k j j
 kq1..mod FG . Indeed,
y1 y1w x¨ , ¨ s 1 q ¨ ¨ ¨ , ¨ .1 2 1 2 1 2
r
y1 y1 y1 y1' 1 q l g l g l g , l g e 1, j 1 j 2 j 2 j 1 j 1 j 2 j 2 j j
js1
r
3.' g , g e mod FG , .  . 1 j 2 j j
js1
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y1 y1¨ , ¨ , . . . , ¨ s 1 q ¨ , ¨ , . . . , ¨ ¨ ¨ , ¨ , . . . , ¨ , ¨ .  .  .1 2 kq1 1 2 k kq1 1 2 k kq1
r
y1 y1 y1' 1 q g , g , . . . , g l g . 1 j 2 j k j kq1 j kq1 j
js1
= g , g , . . . , g , l g e .1 j 2 j k j kq1 j kq1 j j
r
kq2.' g , g , . . . , g e mod FG . .  . 1 j 2 j kq1 j j
js1
 . r  .L LHence ¨ , ¨ , . . . , ¨ s  g , g , . . . , g e .1 2 t G.y1 js1 1 j 2 j t G.y1 j j
 . L .   . . .Let cl G s n G 2. It is easy to check t G G 2 q n n y 1 r2 p y 1 .
 .  .  .  i.Indeed, choose a g g G _ g G i s 2, 3, . . . , n . Then a y 1 g FGi i iq1 i
n  . py1  s.  .  . and 0 /  a y 1 g FG by 1 , where s s 1 q p y 1 q 2 pis2 i
.  . .   . . .y 1 q ??? q n y 1 p y 1 s 1 q n n y 1 r2 p y 1 , and the desired
inequality follows.
 .   . . .Hence if p ) 2 then n q 1 F 1 q n n y 1 F 1 q n n y 1 r2 p y 1
L .   . .F t G y 1, and if p s 2 and n ) 2 then n q 1 F 1 q n n y 1 r2 F
L . < < < <t G y 1. If p s 2 and n s 2 then, since G9 ) 2, we have G9 G 4 and
L .  .Ln q 1 s 3 F t G y 1. It follows g , g , . . . , g s 1 and1 j 2 j t G.y1 j
r
L¨ , ¨ , . . . , ¨ s e s 1. . 1 2 t G.y1 j
js1
  .. L .LSince g U FG is generated by commutators of weight t G y 1,t G.y1
L  ..  .we conclude cl U FG F t G y 2.
LEMMA 4.2.
 . 2. w x w x w . x 4.i If a, b g G, y, z g FG , y, b , z, b , a, b , b g FG , x ' 1
 3..  .  . .k  kq3..q y q za mod FG then x, b, k ' 1 q za a, b y 1 mod FG
for any k G 1.
 .  . w . x 4.ii If p ) 2, a g Syl G , b g G, x s 1 q a, and a, b , b g FGp
then
py1
iq1yp ky1 ix , b , k ' 1 q x y1 i a .  . /
is1
=
k kq2.a, b y 1 mod FG .  . .
for any k G 2.
 . 2.  .Proof. First we prove i . Clearly, x y 1 g FG s I G9 is a nilpotent
y1  2..element and hence x is a unit, x ' 1 mod FG , and by induction,
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w . x 4.using the assumption a, b , b g FG , it is easy to see for k G 1
kkq2. kq1.x , b , k g 1 q FG , a, b y 1 g FG , .  . .
k kq3.a, b y 1 , b g FG . . .
We have
y1 y1w x y1 y1w xx , b s 1 q x b x , b ' 1 q x b za, b .
y1 y1 w x w x y1 w x' 1 q x b z a, b q z , b a ' 1 q b z a, b .
' 1 q za a, b y 1 mod FG4. , .  . .
and, by induction,
y1 y1x , b , k q 1 s 1 q x , b , k b x , b , k , b .  .  .
ky1' 1 q b za a, b y 1 , b . .
k ky1 w x' 1 q b za a, b y 1 , b q z a, b a, b y 1 .  . .  .
kw xq z , b a a, b y 1 . . /
ky1 w x' 1 q b z a, b a, b y 1 . .
kq1 kq4.' 1 q za a, b y 1 mod FG , .  . .
 .and i is clear.
 .  .Now we prove ii . Let x s 1 q a and p ) 2. Then x, b s 1 q
y1 y1w x y1  . .x b a, b s 1 q x a a, b y 1 , and we claim
ykq1w y1 x kq2.x , b , k ' 1 q b x a, b , k y 1 a, b y 1 mod FG .  .  . .
16 .
w . x 4.for k G 2. Indeed, by induction, using the assumption a, b , b g FG ,
y1 y1x , b , 2 s 1 q x , b b x , b , b .  .  .
y1 y1 y1w x' 1 q x , b b x a, b a, b y 1 .  . .
y1 w y1 x 4.' 1 q b x a, b a, b y 1 mod FG , .  . .
y1 y1x , b , k q 1 s 1 q x , b , k b x , b , k , b .  .  .
y1 y1' 1 q x , b , k b .
= ykq1 y1w xb x a, b , k y 1 a, b y 1 , b . .
yk w y1 x kq3.' 1 q b x a, b , k a, b y 1 mod FG . .  . .
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 l.  . l . l ly1.r2   ..The property b, a ' b, a b, a, a mod g G is easy to show.4
 2 .  .2 .Indeed, b, a s b, a b, a, a , and by induction
aly 1l ly1b , a s b , a b , a .  .  .
 . ..ly1 ly1 ly2 r2 ly1' b , a b , a, a b , a b , a, a .  .  .  .
  ..l l ly1 r2' b , a b , a, a mod g G . .  .  . .4
p  . p 4.If d g G9 then d y 1 s d y 1 g FG for p ) 2, and by the identity
¨w y 1 s ¨ y 1 w y 1 q ¨ y 1 q w y 1 .  .  .  .
p 4.  . 4.we infer G9 : 1 q FG . Moreover, since g G : 1 q FG , we have4
 p . 4.a , b g 1 q FG , and hence
w yp x yp w p x yp ypw p x yp 4.x , b s yx x , b x s yx a , b x g FG .
y1 y1 y1 y1 p y 1 k .  .  .Since x s 1 q a, x a s x 1 q a y x s 1 y x , ' y1k
 . w . x 4.mod p , using the assumption a, b , b g FG again it is easy to check
w y1 xx a, b , k y 1
w y1 x w yp py1 xs y x , b , k y 1 s y x x , b , k y 1
yp w py1 x' yx x , b , k y 1
py1
iyp iw x' yx y1 a , b , k y 1 .
is0
py1
ky1iq1yp ky1 i i kq1.' x b y1 a a , b y 1 mod FG . .  .  . .
is1
 i .  . i  . .  3..Since a , b y 1 ' a, b y 1 ' i a, b y 1 mod FG , it follows
w y1 xx a, b , k y 1
py1
ky1iq1yp ky1 ky1 i kq1.' x b y1 i a a, b y 1 mod FG . .  .  . . /
is1
 .Thus, by 16 ,
x , b , k .
py1
kiq1yp ky1 i kq2.' 1 q x y1 i a a, b y 1 mod FG .  .  . . /
is1
for any k G 2.
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w xWe shall need the next result from the second author 10 .
w x  .LEMMA 10, Corollary 1 . Let p ) 2 and G be nonabelian. Then U FG
is nilpotent of class greater than p y 2, and
 .  .  .i U FG is nilpotent of class p y 1 if and only if G9 s Syl G is ofp
order p;
 .  .ii U FG is nilpotent of class p if and only if G9 is of order p and
 .G9 / Syl G .p
THEOREM 4.3. Let G be a nilpotent group with a cyclic commutator
subgroup G9 of order pn ) 2 and F a field of prime characteristic p. Then
 . n  . nU FG is nilpotent of class p y 1 if Syl G s G9, and of class p ifp
 .Syl G / G9.p
wProof. For n s 1 the statement of the theorem is assured by 10,
x  .Corollary 1 cited above, and hence we may assume n ) 1. Put U s U FG ,
 .  . n L .S s Syl G . By Theorem 3.1, cl U F p s t G y 1, and by Lemmap p
 . n L .  .4.1, cl U F p y 1 s t G y 2 if Syl G s G9. To complete the proof,p
it suffices to show the reverse inequalities, which we shall achieve by
 .  .  .n nproducing nonidentity elements in g U if Syl G / G9, or in g Up p p y1
 .if Syl G s G9.p
 .Let g, h g G be such that d s g, h generates G9.
< <Let p s 2. Then G9 G 4 and it is easy to check that we can choose g
 . 4  . 4  . 2and h such that d, g g G9 or d, h g G9 . Indeed, let d, g s d c ,1
 . 2 4  .d, h s d c , where c , c g G9 . Then g, gh s d, and2 1 2
d , gh s d , h d, g d, g , h s d4c c d , g , h ' 1 mod G94 , .  .  .  .  .  .1 2
 . 4  . 4 w x 4.as g G : G9 . Clearly, if d, g g G9 then d, g g FG .4
 . 4Assume S s G9 and choose g and h such that d, h g G9 . Clearly,2
 .u s 1 q d q 1 g is a unit and, with y s 0, z s d q 1, a s g, b s h, we
 .  .  .kq1may apply i of Lemma 4.2 to obtain u, h, k ' 1 q d q 1 g
kq3. 2 nq1 . n Ã .  4  .mod FG . Clearly, FG s 0 and u, h, 2 y 2 s 1 q dg g
 .ng U is a nonidentity element.2 y1
 .Now we consider the case S / G9 and S , G s G9. Then we can2 2
choose g g S and, as we have seen above, we may suppose that either2
 .  . 4d, g or d, h is in G9 .
First assume g 2 g G9. Then for the unit u s 1 q g q h we have
2 2 2 w xu s 1 q g q h q g , h
' h2 mod FG2. , uy2 ' hy2 mod FG2. .  .
y1 y2  2..and hence u ' uh mod FG .
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2  . 4Let g g G9 and d, g g G9 . Then, with u s 1 q g q h,
y1 y1w x y2 y1u , g s 1 q u g h , g ' 1 q uh g hg d q 1 .  .
' 1 q 1 q g q h hy1dy1 d q 1 .  .
' 1 q d q 1 q 1 q g d q 1 hy1 mod FG3. . .  .  .  .
 . . y1  .With y s d q 1, z s 1 q g d q 1 , a s h , b s g, we may apply i of
Lemma 4.2 to obtain
ky1 y1u , g , k q 1 ' 1 q 1 q g d q 1 h h , g q 1 .  .  .  . .
ky1 y1' 1 q 1 q g d q 1 h h g , h q 1 h .  .  . .
kq1y1 kq3.' 1 q 1 q g h d q 1 mod FG . .  .  .
2 nq1 . n y1 Ã 4  .  .  .nClearly, FG s 0 and u, h, 2 y 1 s 1 q 1 q g h d g g U is2
a nonidentity element.
2  . 4Let g g G9, d, h g G9 , u s 1 q g q h. Then
y1 y1w x y1 y2u , h s 1 q u h g , h s 1 q u g d q 1 ' 1 q uh g d q 1 .  .  .
' 1 q g 2 hy2 d q 1 q 1 q h hy2 d q 1 g .  .  .
' 1 q hy2 d q 1 q 1 q h hy2 d q 1 g mod FG3. . .  .  .  .
y2  .  . y2  .Therefore with y s h d q 1 , z s 1 q h h d q 1 , a s g, b s h, we
 .may apply i of Lemma 4.2 to obtain
kq1y2 kq3.u , h , k q 1 ' 1 q 1 q h h g d q 1 mod FG . .  .  .  .
2 nq1 . n y2 Ã 4  .  .  .nClearly, FG s 0 and u, h, 2 y 1 s 1 q 1 q h h gd g g U is2
a nonidentity element.
If g 2 f G9 then there exists l G 1 such that g 2 l f G9 and g 2 lq 1 g G9.
2  . 4  2 l . y1Let g f G9, d, g g G9 , u s 1 q g q 1 h. We can see easily u
 2..' u mod FG ,
y1 y1 2 l w x 2 lu , g s 1 q u g g q 1 h , g ' 1 q u g q 1 h d q 1 .  . .  .
' 1 q 1 q g 2 l q 1 h g 2 l q 1 h d q 1 . .  . /
' 1 q g 2 l q 1 d q 1 h mod FG3. , .  . .
 2 l . .which follows that with y s 0, z s g q 1 d q 1 , a s h, b s g, we may
 .apply i of Lemma 4.2 to obtain
l kq12 kq3.u , g , k q 1 ' 1 q g q 1 h d q 1 mod FG . .  .  . .
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2 nq1 . n 2 l Ã 4  .  .  .nClearly, FG s 0 and u, g, 2 y 1 s 1 q g q 1 hd g g U is a2
nonidentity element.
2  . 4  2 l . y1Let g f G9, d, h g G9 , and u s 1 q g q 1 g. Then u '
 2.. w 2 l x 3.u mod FG and, observing g , h g FG ,
ly1 y1 2u , h s 1 q u h g q 1 g , h .  .
l ly1 y1 2 2w xs 1 q u h g q 1 g , h q g , h g . /
' 1 q uhy1 g 2 l q 1 hg d q 1 . .
' 1 q 1 q g 2 l q 1 g g 2 l q 1 g d q 1 . .  . /
' 1 q g 2 l q 1 d q 1 g mod FG3. , .  . .
 2 l . .which follows that with y s 0, z s g q 1 d q 1 , a s g, b s h, we may
n 2 l Ã .  .  .apply i of Lemma 4.2 to obtain that u, h, 2 y 1 s 1 q g q 1 gd g
 .ng U is a nonidentity element.2
 . 2Now assume S / G9 and S , G : G9 . Now g, h f S and, as we2 2 2
 . 4have seen above, we may choose g and h such that d, h g G9 . Pick f g
2  . y1S _ G9 such that f g G9. Then u s 1 q f q 1 g is a unit, u '2
 2.. w x 3.u mod FG , and, observing f , h g FG ,
y1 y1 y1 w xu , h s 1 q u h f q 1 g , h ' 1 q uh f q 1 g , h .  .  .
' 1 q 1 q f q 1 g f q 1 g d q 1 .  .  . .
' 1 q f q 1 d q 1 g mod FG3. , .  .  .
 . .which follows that with y s 0, z s f q 1 d q 1 , a s g, b s h, we may
n Ã .  .  .apply i of Lemma 4.2 to obtain that u, h, 2 y 1 s 1 q f q 1 gd g
 .ng U is a nonidentity element. We have produced the nonidentity2
 .  .  .  .n nelements in g U in case Syl G / G9, and in g U in case Syl G2 2 2 y1 2
s G9. For p s 2 the theorem has been established.
 . pConsider now the case p ) 2. Note that in this case g G : G9 : 1 q3
FG4..
 .Assume S s G9. Clearly, u s 1 q d y 1 g is a unit and with y s 0,p
 .z s d y 1, a s g, b s h, we may apply i of Lemma 4.2 to obtain that
n Ã .  .nu, h, p y 2 s 1 q gd g g U is a nonidentity element.p y1
 .Suppose S / G9 and S , G s G9. Then we may choose g g S _ G9p p p
 .and hence u s 1 q g is a unit, and we may apply ii of Lemma 4.2 with
a s g and b s h to conclude that
py1
niq1n yp p y2 i Ã nu , h , p y 1 s 1 q u y1 i g d g g U .  .  . p /
is1
is a nonidentity element.
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 . pSuppose S / G9 and S , G : G9 . Let f g S _ G9 be such thatp p p
p  . py1 y1  . py1f g G9. Then u s 1 q f y 1 g is a unit and u ' 1 y f y 1 g
 2..  . p 4. w xmod FG . Moreover, since f , G : G9 : 1 q FG , we have f , FG
: FG4., and
py1y1 y1 y1 y1w x w xu , h s 1 q u h u , h ' 1 q u h f y 1 g , h .  .
py1 py1
' 1 q 1 y f y 1 g f y 1 g d y 1 .  .  . .
py1 3.' 1 q f y 1 d y 1 g mod FG . .  .  .
 . p 4.Since g G : G9 : 1 q FG , we see3
py1f y 1 d y 1 , h .  .
py1 py1 4.w xs f y 1 d, h q f y 1 , h d y 1 g FG , .  .  .
 .  . py1 .and we may apply i of Lemma 4.2 with y s 0, z s f y 1 d y 1 ,
a s g, and b s h to conclude that
py1n Ã nu , h , p y 1 s 1 q f y 1 gd g g U .  .  .p
is a nonidentity element.
 .  .nWe have produced the nonidentity elements in g U in case Syl G /p p
 .  .nG9, and in g U in case Syl G s G9.p y1 p
THEOREM 4.4. Let G be a nilpotent group with an elementary abelian
commutator subgroup G9 of order p2, and F a field of prime characteristic p.
Then the following statements hold:
 .   ..  .i if G is of class 2 then cl U FG s 2 p y 1 pro¨ided Syl G / G9,p
  ..  .and cl U FG s 2 p y 2 pro¨ided Syl G s G9;p
 .   ..  .ii if G is of class 3 then cl U FG s 3 p y 2 pro¨ided Syl G / G9,p
  ..  .and cl U FG s 3 p y 3 pro¨ided Syl G s G9.p
L .Proof. If G is of class 2 then by Theorem 3.1, t G s 2 p. If G is of
L .class 3 and p / 3 then by Theorem 3.3, t G s 3 p y 1. If G is of class 3
  .. 5  4 3  4and p s 3 then, recalling I s I g G , I s 0 , I s 0 , I I s I I ,k k 2 3 2 3 3 2
w xand by Sandling's formula 16 , cited above, we can check easily
FG4. s I 3 q I I , FG5. s I 4 q I 2I q I 2 , FG6. s I 3I q I I 2 ,2 2 3 2 2 3 3 2 3 2 3
FG7. s I 2I 2 .2 3
8. 5  4 L .  .It follows FG : I s 0 and t G s 8. Put U s U FG . By the prop-2
 . L .  .erty cl U q 1 F t G and by Lemma 4.1 we see that in each case cl U
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 .  .cannot exceed the values asserted in i and ii . Thus it suffices to prove
 .the other inequalities. Note that Grz G is of exponent p.
 .  . wIn the case p s 2 both statements i and ii are assured by Khripta 7,
xTheorem 2 , cited above. Hence for the rest of the proof we may suppose
p ) 2.
First let G be nilpotent of class 2. Then it is easy to see that there exist
<  . < 2  .g g G with G : C g s p , i.e., there exist h , h g G such that g, hG 1 2 1
 .  :s c / 1, g, h s c f c .1 2 2 1
 .Assume G9 s S . Then u s 1 q c y 1 g is a unit and we may applyp 1
 .i of Lemma 4.2 with y s 0, z s c y 1, a s g, b s h in FH, where1 1$
 :  .  .H s g, h , to infer ¨ s u, h , p y 2 s 1 q c g g g U , since H9 is1 1 1 py1 $
L k .  .  .of order p and t H s p q 1. Clearly, ¨ , h , k s 1 q c c y 1 g.2 1 2
Indeed,
$ $ $
y1 y1¨ , h s ¨ h ¨h s 1 y c g 1 q c gc s 1 q c c y 1 g , .  . .  .2 2 2 1 1 2 1 2
y1 y1¨ , h , k q 1 s ¨ , h , k h ¨ , h , k h .  .  .2 2 2 2 2
$ $k ks 1 y c c y 1 g 1 q c c y 1 gc .  . .  .1 2 1 2 2
$ kq1s 1 q c c y 1 g . 17 .  .1 2
$ $
 .Therefore ¨ , h , p y 1 s 1 q c c g, which is a nonidentity element in2 1 2
 .  .g U , thus cl U G 2 p y 2.2 py2
<  . <Assume G9 / S and G : C f F p for any f g S . We shall provep G p
 .that h and h can be chosen to be in F s C f . This is clear if either1 2 G
 . < < 2 < <  :f g z G , F9 s p , or F is abelian. Suppose F9 s p and GrF s wF .
<  . < 2  .:From G : C w s p what we are proving is immediate. If w, f sG
 .  .  .:  .w, G then there exist f , f g F with f , f f w, f . Hence f w, f1 2 1 2 1
 .  .  .:s w, f and f w, f f w, f , and we can put g s f w, h s f , h s1 2 1 1 2
f .2
Let f , g, h , h be such that f g S _ G9, f p g G9, h , h g F. Then1 2 p 1 2
 . py1 y1  . py1  2..u s 1 q f y 1 g is a unit, u ' 1 y f y 1 g mod FG and
py1y1 y1 y1 y1w x w xu , h s 1 q u h u , h s 1 q u h f y 1 g , h .  .1 1 1 1 1
py1 py1
' 1 q 1 y f y 1 g f y 1 c y 1 g .  .  . . 1
py1 3.' 1 q f y 1 c y 1 g mod FG . .  .  .1
 .  . py1 .We may apply i of Lemma 4.2 with y s 0, z s f y 1 c y 1 ,1
a s g, b s h to infer1
$py1  pq1.¨ s u , h , p y 1 ' 1 q f y 1 c g mod FG . .  .  .1 1
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$
py 1 k .  .  .By induction we prove ¨ , h , k ' 1 q f y 1 c c y 1 g2 1 2
  pqkq1..mod FG . Indeed,
$py1y1 y1 y1w x w x¨ , h s 1 q ¨ h ¨ , h ' 1 q h f y 1 c g , h .  .2 2 2 2 1 2
$py1  pq2.' 1 q f y 1 c c y 1 g mod FG , .  .  .1 2
y1 y2¨ , h , k q 1 s 1 q ¨ , h , k h ¨ , h , k , h .  .  .2 2 2 2 2
$py1 kq1  pqkq2.' 1 q f y 1 c c y 1 g mod FG . .  .  .1 2
$ $
py1 .  .Consequently ¨ , h , p y 1 s 1 q f y 1 c c g, which is a noniden-2 1 2
 .  .tity element in g U , and thus cl U G 2 p y 1.2 py1
Assume that G9 / S and g can be chosen from S , i.e., there existsp p
<  . < 2f g S with G : C f s p . Then u s 1 q g is a unit, and we may applyp G
 .  :ii of Lemma 4.2 with a s g, b s h in FH, where H s g, h , to obtain1 1
py1$ iq1yp py2 i¨ s u , h , p y 1 s 1 q u c y1 i g g g U , .  .  .1 1 p
is1
$
L yp i .  .since H9 is of order p and t H s p q 1. As u g z U and c s c for2 2
 .any 1 F i F p y 1, by a similar computation as in 17 we obtain
py1$$ iq1yp py2 i¨ , h , p y 1 s 1 q u c c y1 i g , .  .2 1 2
is1
 .  .which is a nonidentity element in g U , and thus cl U G 2 p y 1. The2 py1
 .assertion i has been verified completely.
Now consider the case when G is of class 3.
 .First we prove that there exists g, h g G such that g, h s d f
 .  .  :  :  .g G , g, d s c / 1, G9 s d = c . Indeed, put D s C G9 and g3 G
 .  .  .  .f D. Clearly, z G : D, g f z G , and hence g, h s d f g G for2 2 3
 .  .some h g G. Since D s C d , we see g, d s c / 1.G
 . y1Assume G9 s S . Then u s 1 q d y 1 g is a unit and u ' 1p
 2.. w  l . x  lq2.  . mod FG . Note FG , d : FG . We can verify u, d, k ' 1 q d y
. .k  2 kq3..1 c y 1 g mod FG by the obvious computation
y1 y1w x y1 y1 w xu , d s 1 q u d u , d s 1 q u d d y 1 g , d .  .
s 1 q uy1 d y 1 c y 1 g .  .
' 1 q d y 1 c y 1 g mod FG5. , .  .  .
y1 y1u , d , k q 1 s 1 q u , d , k d u , d , k , d .  .  .
y1 kq1
' 1 q u , d , k d y 1 c y 1 g .  .  .
kq1 2 kq5.' 1 q d y 1 c y 1 g mod FG . .  .  .
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 .  .  2 pq1..Hence ¨ s u, d, p y 1 ' 1 q d y 1 cg mod FG , and ¨ is inÃ
 .  .g U . Since d y 1 c is central in FG, by induction we can show easilyÃ2 py1
kq1 2 pqkq1.¨ , h , k ' 1 q d y 1 cg mod FG . .  .  .Ã
L Ã .  .As we have seen above, t G s 3 p y 1, and thus ¨ , g, p y 2 s 1 q dcgÃ
 .   ..g g U is a nonidentity element, which forces cl U FG G 3 p y 3.3 py3
Assume that G9 / S and g can be chosen from S , i.e., g g S _ D.p p p
 .  .  .Clearly, z G : D s C G9 and hence g f z G . Then u s 1 q g is a2 G 2
 .unit, and applying ii of Lemma 4.2 with a s g and b s d in FH, where
 : < <  .H s g, d , as H9 s p we conclude ¨ s u, d, p y 1 s 1 q
yp py1  . lq1 py2 l  .u c  y1 l g . Obviously, ¨ g g U . By an easy computa-Ã ls1 2 py1
 .tion similar to 17 we have
py1
lq1yp py2 lÃ¨ , h , p y 1 s 1 q u cd y1 l g , .  .Ã 
ls1
 .  .which is a nonidentity element in g U , and thus cl U G 3 p y 2.3 py2
 .Assume finally that G9 / S , and a g D s C d for any a g S _ G9.p G p
 .  :We will show that we may choose h such that a, h g c . This is clear if
 .  .  .  :a g z G : D. Now let a g D _ z G . Then a, x f c for some x g2 2
 < .  :4 < <G. Putting A s f g G f , a g c it is easy to see G : A s p. Indeed,
 . <  . <  . <  . <C a : A / G, and if G : C a s p then A s C a , and if G : C aG G G G
2  .  :  .s p then there exists y g G such that 1 / a, y g c , i.e., A / C a .G
< <   ..Hence G : A s p in both cases. Suppose g g A. Then g, a, x / 1 as
g f D, but, on the other hand,
g , a, x s g , ay1 xy1ax s g , xy1ax g , ay1 . .  .  .  .
a x y1y1s g , ax g , x g , a .  . .
x y1y1 x xy1s g , x g , a g , x g , a s g , x x , g s 1, .  .  .  .  . .
 : ia contradiction. Therefore GrA s gA , and, if h s g a with a g A1 1
 .  .  .  :then d s g, h s g, a and a, a g c .1 1
p  .Let a g S _ G9 be such that a g G9, a g C d , and choose h suchp G
 .  :  . py1 y1 that a, h g c . Then u s 1 q a y 1 g is a unit, u ' 1 y a y
. py1  2..  .  . py1  .k1 g mod FG . We will show u, d, k ' 1 q a y 1 g c y 1
 2 kq2..mod FG . Indeed,
y1 y1w xu , d s 1 q u d u , d .
py1 py1
' 1 q 1 y a y 1 g a y 1 c y 1 g .  .  . .
py1 4.' 1 q a y 1 c y 1 g mod FG , .  .  .
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y1 y1u , d , k q 1 s 1 q u , d, k d u , d , k , d .  .  .
y1 py1 kq1
' 1 q u , d, k a y 1 c y 1 g .  .  .
py1 kq1 2 kq4.' 1 q a y 1 c y 1 g mod FG . .  .  .
 .  . py1  2 p..It follows ¨ s u, d, p y 1 ' 1 q a y 1 cg mod FG . Obviously,Ã
 .   .  :.¨ g g U . By an easy computation using the assumption a, h g c2 py1
we have
py1 k 2 pqk .¨ , h , k ' 1 q a y 1 c d y 1 g mod FC , .  .  .  .Ã
py1 Ã .  .and thus ¨ , h, p y 1 s 1 q a y 1 cdg, which is a nonidentity ele-Ã
 .  .ment in g U , and thus cl U G 3 p y 2.3 py2
5. GROUP OF UNITS OF CLASS 3
w xIn 15 Rao and Sandling characterized modular group algebras of finite
p-groups with unit groups nilpotent of class 3.
Extension of this result to infinite groups was initiated by Khripta, but,
tragically, he died before he could finish it. The result appeared in the first
w xauthor's work 3 without a proof. We shall complete this task, partly using
Khripta's methods.
Note that modular group algebras of arbitrary groups with unit groups
w xnilpotent of class 2 are determined easily by Khripta 7, Theorem 2 , cited
 .in the previous section. Indeed, if U FG is of class 2 then G cannot be
 .   ..abelian and its class cannot exceed 2, hence cl G s cl U FG , which
  ..situation is described in Khripta's theorem. Hence cl U FG s 2 if and
only if either
 .  .1 p s 3, G9 s Syl G is of order 3;p
 .  .  .2 p s 2, cl G s 2, G9 s Syl G is elementary abelian of order 4;p
or
 .3 p s 2, G9 is of order 2.
 .LEMMA 5.1. Let p s 2, cl G s 2, G9 an elementary abelian 2-group,
  ..  .cl U FG s 3, a g Syl G centralizing the elements g, h , h , h g G, and2 1 2 3
 .  .  . . . .put g, h s c i s 1, 2, 3 . Then a q 1 c q 1 c q 1 c q 1 s 0.i i 1 2 3
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 .Proof. Note that g q a q 1 is a unit and g q a q 1, h , h , h s 1.1 2 3
 .  .y1 .We calculate easily g q a q 1, h s g q a q 1 gc q a q 1 ,1 1
g q a q 1, h , h .1 2
y1 y1s g q a q 1 gc q a q 1 gc q a q 1 gc c q a q 1 , .  .  .  .1 2 1 2
1 s g q a q 1, h , h , h .1 2 3
y1 y1s g q a q 1 gc q a q 1 gc q a q 1 gc c q a q 1 .  .  .  .1 2 1 2
=
y1gc q a q 1 gc c q a q 1 .  .3 1 3
=
y1gc c q a q 1 gc c c q a q 1 , .  .2 3 1 2 3
which follows
g q a q 1 gc c q a q 1 gc c q a q 1 gc c q a q 1 .  .  .  .1 2 1 3 2 3
s gc q a q 1 gc q a q 1 gc q a q 1 gc c c q a q 1 . .  .  .  .1 2 3 1 2 3
We have
g q a q 1 gc c q a q 1 gc c q a q 1 gc c q a q 1 .  .  .  .1 2 1 3 2 3
s g 4 q g 3 1 q c c q c c q c c a q 1 .  .1 2 1 3 2 3
3 4q g 1 q c c q c c q c c a q 1 q a q 1 , .  .  .1 2 1 3 2 3
gc q a q 1 gc q a q 1 gc q a q 1 gc c c q a q 1 .  .  .  .1 2 3 1 2 3
s g 4 q g 3 c q c q c q c c c a q 1 .  .1 2 3 1 2 3
3 4q g c q c q c q c c c a q 1 q a q 1 . .  .  .1 2 3 1 2 3
We conclude
g 3 c q 1 c q 1 c q 1 a q 1 .  .  .  .1 2 3
3q g c q 1 c q 1 c q 1 a q 1 .  .  .  .1 2 3
2s g a q 1 c q 1 c q 1 c q 1 g q a q 1 s 0, .  .  .  .  .1 2 3
 . . . .and thus a q 1 c q 1 c q 1 c q 1 s 0.1 2 3
w xWe shall need the following result from the second author 10 .
w x  .LEMMA 10, Theorem 4 . Let p s 2 and cl G s 2 such that G9 is an
 .  .elementary abelian 2-group of order 8 and Syl G / G9. Then U FG is2
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3-Engel if and only if either
 .A there exists an abelian subgroup H of index 2 in G;
 .  .B Syl G is central in G and is of order 16;2
 .  .  :  .C Syl G s G9, a is of order 16 such that, with A s C a ,2 G
< <  .G : A s 2 and A9 s a, G .
w xThe next assertion was proved first by Vaughan-Lee in 22 for finite
w xp-groups, and it was extended to nilpotent groups by Khripta in 8 .
LEMMA. Let N be a nilpotent group with N9 a p-group such that the
n < < 1r2.nnq1.maximal order of the conjugacy classes of N is p . Then N9 F p .
THEOREM 5.2. Let F be a field of prime characteristic p, G a nilpotent
 .group with G9 of p-power order. Then U FG is nilpotent of class 3 if and
only if one of the following conditions holds:
 .  .i p s 2, cl G s 2, G9 is elementary abelian of order 4, G9 /
 .Syl G ;2
 .  .  .ii p s 2, cl G s 2, G9 s Syl G is elementary abelian of order 8;2
 .  .iii p s 2, G9 is elementary abelian of order 8, Syl G is of order 162
and central in G, and the orders of the conjugacy classes in G do not exceed 4;
 .  .iv p s 2, G9 s Syl G is cyclic of order 4;2
 .  .  .v p s 2, cl G s 3, G9 s Syl G is elementary abelian of order 4;2
 .  .vi p s 3, G9 is of order 3, G9 / Syl G .3
 . w xProof. If cl G s 3 then Khripta's result 7, Theorem 2 , cited in the
  .previous section, gives the necessary and sufficient conditions i.e., iv and
 ..  .v for U s U FG to be of class 3.
 .Therefore for the rest of the proof we may suppose cl G s 2.
 .  .  .First we prove the ``if'' claim. If one of the conditions i , iv , and vi
holds then U is of class 3 by Theorems 4.3 and 4.4.
 .  . L .If ii holds then cl U F t G y 2 s 3 by Theorem 3.1 and Lemma
 . w x4.1, cl U / 2 by Khripta 7, Theorem 2 , cited in the previous section.
 .Consequently, cl U s 3.
 .  .  :Assume iii . Let S s Syl G s G9, a and x , x , x , x g U. Denote2 2 1 2 3 4
by Q the maximal 29-subgroup of the finitely generated nilpotent group
  .:G s D Supp x . Clearly, Q is a finite central subgroup in G, and let1 i i
the e be primitive orthogonal idempotents with sum 1 of the semisimplei
w xalgebra FQ, central in FG. Then by 10, Lemma 2 , cited in the previous
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section, we can write
r
x s m ¨ , m s l g e , ¨ s 1 q w q a q 1 z , .i i i i i j i j j i i i
js1
 .  . 2.where l g U FQ : z U , g g G, w g FG , z g FG. By Theoremi j i j i i
L .  .  .  .  .  4 4.3.1, t G s 5, and, clearly, cl U F 4, g U : z U , g U s 1 , FG s4 5$
 .G9FG : z FG .
 .  .  . . . .Obviously, x , x s m ¨ , m ¨ ' m , m m , ¨ ¨ , m ¨ , ¨1 2 1 1 2 2 1 2 1 2 1 2 1 2
  .. y1 r y1 y1  .mod g U . Since m s  l g e and the l are central, m , m3 i js1 i j i j j i, j 1 2
r  .  .s  g , g e g z U , which followsjs1 1 j 2 j j
x , x , x ' m , ¨ , m m , ¨ , ¨ ¨ , m , m ¨ , m , ¨ .  .  .  .  .1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
= ¨ , ¨ , m ¨ , ¨ , ¨ mod g U . .  .  . .1 2 3 1 2 3 4
 .  . 2. 2We shall show x , x , x g z U . Clearly, w g FG and since a g G91 2 3 i
 .2 2.we have a q 1 g FG . Then
¨y1 ' 1 q a q 1 z mod FG2. , .  .i i
2y1 y1 y1 y1w x w x¨ , ¨ s 1 q ¨ ¨ ¨ , ¨ ' 1 q ¨ ¨ a q 1 z , z .  .1 2 1 2 1 2 1 2 1 2
' 1 mod FG3. , .
 .  . 4.  .from which ¨ , ¨ , ¨ , ¨ , ¨ , ¨ g 1 q FG : z U follows. Moreover,1 2 3 1 2 3
y1 y1w xm , ¨ s 1 q m ¨ m , ¨ .1 2 1 2 1 2
r r
y1 y1 w x' 1 q l g e 1 q a q 1 z a q 1 l g , z e .  . . 1 j 1 j j 2 1 j 1 j 2 j /
js1 js1
r
y1 3.w x' 1 q a q 1 g g , z e mod FG , 18 .  .  . 1 j 1 j 2 j
js1
y1 y1m , ¨ , ¨ s 1 q m , ¨ ¨ m , ¨ , ¨ .  .  .1 2 3 1 2 3 1 2 3
r
2y1 y1w x' 1 q ¨ a q 1 g g , z , z e . 3 1 j 1 j 2 3 j
js1
' 1 mod FG4. , .
 . 4.  .i.e., m , ¨ , ¨ g 1 q FG : z U . By a similar calculation also1 2 3
 . 4.  .m , ¨ , ¨ g 1 q FG : z U , from which we obtain2 1 3
 .¨ , m y11 2¨ , m , ¨ s ¨ , m , ¨ s m , ¨ , ¨ g z U . 19 .  .  .  .  . .1 2 3 3 2 1 2 1 3
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 .Furthermore, using 18 ,
y1 y1m , ¨ , m s 1 q m , ¨ m m , ¨ , m .  .  .1 2 3 1 2 3 1 2 3
r r
y1 y1 y1w x' 1 q l g e a q 1 l g g , z , g e . 3 j 3 j j 3 j 1 j 1 j 2 3 j j /
js1 js1
r
y1 y1 4.w x' 1 q a q 1 g g g , z , g e mod FG . .  . 3 j 1 j 1 j 2 3 j j
js1
 . <  . <Let h g Supp z . Since by assumption G : C h F 4, we see that if the2 G
following element is nonzero, then
$ $
y1 y1 y1 y1 y1w x w xg g g , h , g s g g hg g , h , g s g h , g g , h .  .3 1 1 3 3 1 1 1 3 3 3 1
$ $
s h g , h g , h g z FG , . .  .3 1
 .  .  .which implies m , ¨ , m g z U . Analogously we can show m , ¨ , m1 2 3 2 1 3
 .  .  .  .g z U which, similarly as in 19 , implies ¨ , m , m g z U . From these1 2 3
 .  .  .  .facts we conclude x , x , x g z U and x , x , x , x s 1, i.e., cl U F1 2 3 1 2 3 4
 .  .3. Since cl U / 2, we infer cl U s 3.
 .  .Sufficiency of the conditions i ] vi has been verified completely. Now
we proceed to establish the ``only if'' claim.
 .  .For the rest of the proof suppose cl U s 3. Recall cl G s 2.
w xBy 10, Corollary 1 , cited in the previous section, for p ) 2 we have
 .  . < <  .cl U G p y 1 and cl U s p if and only if G9 s p, Syl G / G9. Itp
 .follows that p equals 2 or 3, and if p s 3 then vi holds.
In the rest of the proof we shall consider the case p s 2.
Suppose that G9 is of exponent greater than 2. Then there exist
< . < < <g, h g G such that g, h s 4. If G9 ) 4 then there exists c g G9 _
 .:  :   ..g, h . If H s g, h, c then cl U FH s 4 by Theorem 4.3 since H9 is
 . < <  .cyclic of order 4 and Syl H / H9. If G9 s 4 and Syl G / G9 then2 2
 .  .again by Theorem 4.3, cl U s 4. But both cases are impossible as cl U s
3 in fact, and we conclude that if G9 is of exponent greater than 2 then G9
 .  .is cyclic of order 4 and Syl G s G9, i.e., iv holds.2
For the rest of the proof we may suppose that G9 is elementary abelian.
< < < < < <We have three cases when G9 - 8, G9 ) 8 or G9 s 8.
< < < <  .If either G9 s 2, or G9 s 4 and S s G9 then cl G s 2. Hence if2
< <  .G9 - 8 then i holds.
w x w xBy the result of Vaughan-Lee 22 and Khripta 8 , cited above, if
< <G9 ) 8 then there exist a conjugacy class in G of order at least 8, i.e.,
 .  .there exist g, h , h , h g G such that with g, h s c / 1 i s 1, 2, 31 2 3 i i
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 :  :c , c , c is of order 8. Clearly, there exists a g G9 _ c , c , c , a1 2 3 1 2 3
central element. By Lemma 5.1,
a q 1 c q 1 c q 1 c q 1 s 0, 20 .  .  .  .  .1 2 3
which is impossible, and U cannot be nilpotent of class 3.
< <  .Recall that if G9 s 8 and S s G9 then this is just ii . It remains to2
< <  .prove that if G9 s 8 and S / G9 then iii holds. A group nilpotent of2
w xclass 3 is also a 3-Engel group, hence by 10, Theorem 4 , cited above,
 .  .  .there are the possibilities A , B , and C .
 .Suppose that A is satisfied. Then there exists an abelian subgroup H
 : <  . <of index 2 in G, GrH s yH , G : C y s 8 for some y g G _ H. IfG
there exists an element a g S _ G9 central in G then by Lemma 5.1 we2
 .obtain a contradiction, similarly as in 20 . If not, pick any a g S _ G9.2
Then a is noncentral, but a2 is central and hence must be in G9.
 : <  . <Assuming a f H we have GrH s aH , G : C a s 8, and thereG
 .  :  :  :exists h , h , h g H with a, h s c / 1, G9 s c = c = c . The1 2 3 i i 1 2 3
  . y1 . y1 y1element u s 1 q a q h s 1 q a q 1 h h is a unit, u ' h 1 q1 1 1 1
 . y1 .  2..a q 1 h mod FG . It is easy to calculate1
y1 y1w x y1 y1 y1w xu , h s 1 q u h u , h ' 1 q h 1 q a q 1 h h a, h .  . .1 1 1 1 1 1 1
$
y1 y1' 1 q h 1 q a q 1 h ac . .1 1 1
$
y2 2' 1 q h a q a q h a c .1 1 1
$
y2 3.' 1 q h 1 q 1 q h a c mod FG , .  . .1 1 1
y1 y1u , h , h s 1 q u , h h u , h , h .  .  .1 2 1 2 1 2
$
y1 y2 w x' 1 q h h 1 q h a, h c .2 1 1 2 1
$$
y2 4.' 1 q h 1 q h ac c mod FG , .  .1 1 1 2
L .  . y2 and, since t G s 5 by Theorem 3.1, u, h , h , h s 1 q h 1 q1 2 3 1$$$
.  .  .h ac c c g g U , a nonidentity element, which forces cl U ) 3, a con-1 1 2 3 4
tradiction.
 . 2  .Let a g H, and recall a f z G , a g G9, y f H. Then C a s H,G
 .  :  .  .a, G s c where c s a, y , there exist h , h g H such that y, h s1 2 i
 :  :  :  c / 1, G9 s c = c = c . The element u s 1 q a q y s 1 q ai 1 2
. y1 . y1 y1  . y1 .  2..q 1 y y is a unit, u ' y 1 q a q 1 y mod FG . We have
y1 y1w x y1 y1 y1w xu , a s 1 q u a u , a ' 1 q y 1 q a q 1 y a y , a .  . .
' 1 q 1 q a q 1 yy1 c mod FG3. , .  .Ã .
y1 y1 y1 y1u , a, h s 1 q u , a h u , a , h ' 1 q h a q 1 y , h c .  .  .  . Ã1 1 1 1 1
$
y1 4.' 1 q a q 1 y cc mod FG , .  .Ã 1
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$$
y1 .  .  .and u, a, h , h s 1 q a q 1 y cc c g g U , a nonidentity element,Ã1 2 1 2 4
 .  .which forces cl U ) 3, a contradiction. Thus G cannot be of type A .
 .Let G be of type B . Then S is central in G of order 16, and if there is2
 .no conjugacy class in G of order 8 then this is just iii . If there is, then, as
 .in 20 , by Lemma 5.1 we arrive at a contradiction.
 .  :Finally, let G be of type C , when Syl s G9, a is of order 16, and,2
 . < <  :  .  :putting A s C a , G : A s 2, GrA s bA , a, b s c, A9 s c .G
Clearly, we may suppose that there is no abelian subgroup of index 2 in G.
<  . <  .  : kIf G : C b s 2 then b, G s c , and for any x, y g G, x s b x ,G 1
l  4  .y s b y with x , y g A, k, l g 0, 1 and, moreover, x, y s1 1 1
 .k . l .  : <  . <b, y x , b x , y g c , a contradiction. Therefore G : C b ) 2,1 1 1 1 G
w x  .and by 9, Lemma 3 there exists g , g g G such that b, g s c / 1,1 2 1 1
 .  :  .  :  : k lb, g s c f c , g , g f c = c . With g s b a , g s b a ,2 2 1 1 2 1 2 1 1 2 2
 4  .  .  .  .a , a g A, k, l g 0, 1 , we have c s b, g s b, a i s 1, 2 , g , g s1 2 i i i 1 2
l k .  :  :  .  :  :c c a , a f c = c . It follows c s a , a f c = c . The el-1 2 1 2 1 2 1 2 1 2
  . y1 . y1 y1 ement u s 1 q a q b s 1 q a q 1 b b is a unit, u ' b 1 q a q
. y1 .  2..1 b mod FG . Performing a similar computation as above,
y1 y1w x y1 y1 y1w xu , a s 1 q u a u , a ' 1 q b 1 q a q 1 b a b , a .  . .
' 1 q 1 q a q 1 by1 c mod FG3. , .  .Ã .
y1 y1 y1 y1u , a, a s 1 q u , a a u , a , a ' 1 q a a q 1 b , a c .  .  .  . Ã1 1 1 1 1
$
y1 4.' 1 q a q 1 b cc mod FG , .  .Ã 1
$$
y1 .  .  .and u, a, a , a s 1 q a q 1 b cc c g g U , a nonidentity element,Ã1 2 1 2 4
 .  .thus cl U ) 3 and G cannot be of type C .
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